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Abstract

The bulk of the rare earth elements are believed to be synthesized in the rapid
neutron capture process or r process of nucleosynthesis. The solar r-process
residuals show a small peak in the rare earths around A _ 160 , which is
proposed to be formed dynamically during the end phase of the r process by a
pileup of material. This abundance feature is of particular importance as it is
sensitive to both the nuclear physics inputs and the astrophysical conditions of
the main r process. We explore the formation of the rare earth peak from the
perspective of an inverse problem, using Monte Carlo studies of nuclear
masses to investigate the unknown nuclear properties required to best match
rare earth abundance sector of the solar isotopic residuals. When nuclear
masses are changed, we recalculate the relevant β-decay properties and neutron capture rates in the rare earth region. The feedback provided by this
observational constraint allows for the reverse engineering of nuclear properties far from stability where no experimental information exists. We investigate a range of astrophysical conditions with this method and show how
these lead to different predictions in the nuclear properties inଏuential to the
formation of the rare earth peak. We conclude that targeted experimental
campaigns in this region will help to resolve the type of conditions responsible
for the production of the rare earth nuclei, and will provide new insights into
the longstanding problem of the astrophysical site(s) of the r process.
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1. Introduction
One of the most intriguing open problems in nuclear astrophysics is the astrophysical site or
sites of the production of the heaviest elements in the rapid neutron capture process, or r
process, of nucleosynthesis [1, 2]. The ଏnal elemental and isotopic abundances of the nuclei
produced in the r process can be seen in stars and found in meteorites [3]. From these
observations one tries to determine the astrophysical conditions under which the r process
occurs. Complicating this endeavor is a dearth of measurements of the properties of nuclei
that participate in the r process. The study of the r process is therefore inherently an inverse
problem—the output is known and the input must be determined.
The output, the observed isotopic and elemental abundance patterns, e.g. [4], show a
number of interesting features. There exists evidence of both a ‘weak’ component to the r
process [5–9], which produces material up until the region of atomic mass number A _ 120,
and a ‘main’ component which produces the rest of the heavier elements, A 2 120 [10–12].
A distinguishing factor between these two components is the scatter found in the elemental
patterns of the weak component [13–15], suggesting either variable conditions within a single
type of astrophysical event or contributions from multiple sites. Here we focus on the main
component, which is characterized by the robustly-produced heavier r-process peaks found at
A _ 160 and A _ 195, and likely also A _ 130 [16, 17].
One component of the input, the astrophysical conditions, must be such that there is a
high neutron ଏux [18, 19]. However, the precise amount of neutron-richness has not been
established and neither has the degree of heating, or the range of outଏow timescale, temperature or density. This has lead to a number of suggestions for the main r process site, which
include the traditional core collapse supernova and the merging of compact objects; see [20–
22] and references therein. Proposed r process sites show marked differences in the evolution
of the last stage of the r process when nuclei slow their capture of neutrons and begin to decay
back to stability, a phase known as ‘freeze-out’. Though many variations are possible, conditions during the ଏnal of the r process can be generally classiଏed as ‘hot’ or ‘cold’. A hot r
process evolution goes through an extended equilibrium between neutron captures and its
inverse reaction photodissociation, often written, (n , H ) R (H , n ). The freeze-out from
equilibrium and the decay back to stability are triggered by an exhaustion of free neutrons. A
cold r process [23] evolution has a short or non-existent (n , H ) R (H , n ) phase where equilibrium fails due to the drop in temperature, followed by competition between neutron captures and β-decays.
The other component of the input for the r process is the yet to be measured nuclear
properties of unstable neutron-rich nuclei. Theoretical nuclear models used in r-process
calculations are well constrained and are mostly in agreement where data exists, however, the
model predictions diverge as one approaches the driplines [24–26]. Where there is disagreement between models, there is no experimental data and the majority of nuclei that have
substantial impact on the ଏnal r-process abundances are in this category, see [27–29] for
recent examples. The most important nuclear physics inputs for the r process are masses, βdecays and neutron capture rates near closed neutron shells and in the rare earth region [22].
To solve an inverse problem, it is helpful to have the output as well determined as
possible. The solar isotopic r-process abundances are deଏned by a residual procedure from
the well constrained s-process abundances [30]. In particular, the abundances of the rare earth
elements, the peak at A _ 160 , are some of the most precisely known in the solar system and
2
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in very metal-poor stars [31]. Further, the r-process rare earths are expected to be produced
only in the main r process, i.e. they do not have a weak component [14]. Therefore, the rare
earth elements and the associated peak is an ideal choice for exploration of an r process
inversion technique [32].
Two distinct mechanisms have been previously proposed to explain rare earth peak
formation. The ଏrst mechanism is dynamic formation of the peak during freeze-out [33, 34].
In this scenario, material becomes hung up in the rare earth region during the decay back to
stability. This mechanism requires a nuclear physics feature in this region responsible for the
hangup and is sensitive to the late-time evolution of astrophysical conditions. The second
mechanism is the formation of the peak by the deposition of ଏssion fragments [35]. This
possibility requires both multiple ଏssion cycles from higher to lower atomic mass number and
precisely tuned ଏssion fragment distributions [36]. While a less aesthetically pleasing solution, it is also possible that the rare earth peak is formed by a combination of the two
mechanisms. Experimental campaigns to produce the appropriate neutron-rich heavy ଏssioning isotopes are not possible now or in the foreseeable future. It may, however, be
possible to extract information about ଏssion barriers and yields with future experiments at
radioactive beam facilities e.g. at the Facility for Rare Isotope Beams (FRIB) [37], the Facility
for Antiproton and Ion Research (FAIR) [38] or at the radioactive beam factory at RIKEN
[39]. In contrast, measurements of relatively lighter nuclei that are populated during the decay
back to stability are possible in some cases currently and for others in near future. Ergo, the
most sensible path forward is to try to conଏrm or eliminate the purely dynamical mechanism.
In this manuscript, we take the observed rare earth abundance pattern and, for different
types of astrophysical conditions, invert this abundance pattern to determine nuclear properties. We use common Bayesian inference techniques [40–42] to ଏnd the region of the NZplane which dictates the shape and location of rare earth abundance pattern. The feedback
provided by the observed rare earth abundances allows us to reverse engineer the required
trends in the nuclear masses that are responsible for the production of the rare earth peak. The
larger strategy is to compare predictions of this type with future measurements, moving us
closer toward an understanding of the astrophysical site of the main r process. In section 2 we
introduce this methodology and discuss all of the assumptions that go into our calculations.
The propagation of nuclear model input changes is also covered in detail. In section 3 we give
the results of these calculations and report the most favorable mass surface trends for each
type of astrophysical conditions. In section 4 we summarize.

2. Methodology
The dynamical mechanism of rare earth peak formation requires a feature in the nuclear
properties of rare-earth nuclei far from stability that causes a pileup of material as the rprocess path moves toward stability. Pile-ups also occur in the main peaks which are thought
to stem from closed shell structure at neutron numbers, N=82 and N=126 extending far
from stability. The rare earth peak is smaller than the main peaks and therefore a priori one
does not know if it originates from a nuclear structure feature that has a sharp transition in N,
but has a large extent in Z, similar to what might happen at subshell closure or a feature with a
more gentle slope, but also more localized in the (N, Z) plane.
It was suggested in the ଏrst work on the dynamical mechanism [33] that the feature
originates from a deformation maximum that leads to a ‘kink’ in the neutron separation
energies in this region. This kink was not the sharp feature seen at the closed shells, but
instead of the smaller, more gentle type. In [33] it was suggested that when this more
3
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Figure 1. Mass predictions from several mass models [46–49] and measurements from
the 2012 Atomic Mass Evaluation (AME2012) [50] are compared to the Duଏo–Zuker
[51] masses for the Z=60 neodymium isotopic chain (top panel). Predicted trends in
the mass surface are highlighted in the middle panel, which shows the same mass
comparisons, scaled to the last mass measurement at N=97. The bottom panel
highlights trends in the mass surface using another measure, the difference in 2-neutron
separation energies.

localized feature is encountered during the late stages of the r process, when
(n , H ) R (H , n ) equilibrium is freezing out, material funnels into the kink region to create a
peak. Later it was shown that a similar feature in neutron capture rates can create a peak in
conditions where the bulk of the r process occurs out of equilibrium [34, 43]. While the
structure of the mass surface is clearly essential to understanding the formation of the rare
earth peak in the dynamical mechanism [44], the precise form of the structure has not yet been
determined. The rare earth peak height and location are sensitive to both the astrophysical
conditions at late times in the r process that govern the decay back to stability and the size and
placement of the nuclear physics feature responsible for the pileup, which opens the possibility of constraining astrophysical conditions from the nuclear physics of the rare earth
peak [45].
In this section we describe our methodology for treating the formation of the rare earths
as an inverse problem. We utilize the sets of astrophysical conditions described in 2.6 and in
the context of our model uncover the feature in the nuclear masses in the rare earth region that
best reproduces the ଏnal isotopic abundance pattern for each set of conditions. We assume
that the rare earth peak forms via the dynamical mechanism during the freeze-out phase of the
r process, and that the nuclear feature responsible exists in the mass surface. We further
assume the nuclear feature can be described by a function of neutron number, N, and proton
number, Z. We use the Metropolis algorithm to explore the parameter space of our functional
form for the nuclear masses. At each step in the Monte Carlo, we propagate the change in
4
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Figure 2. The ଏnal rare earth abundances from several mass models shown in ଏgure 1

for hot r-process conditions—traj. 1 of this paper. The FRDM1995 and DZ lines
represent consistently calculated datasets with all mass model changes propagated to
the relevant quantities as outlined in section 2. For the remainder of the simulations,
only the neutron separation energies change that go into the calculation of
photodissociation rates. Unlike our reverse engineering framework, the β-decay rates
from [52] and neutron capture rates [53] remain unchanged for HFB21, WS3 and
KTUY05. Solar data from [20].

nuclear masses to other relevant quantities of the r process as in [26, 27]. The feedback, i.e.
success or failure of a particular step in the Monte Carlo, is given by the match of the rprocess network output to the observed rare earth abundances. We call this procedure the
reverse engineering framework and now discuss the motivation for our approach followed by
the details of the methodology.
2.1. Mass surface parameterization

We focus on nuclear masses between the N=82 and N=126 closed shells, since in previous work it was shown that the most crucial masses for the dynamical mechanism are
centered near N _ 100 [33, 34, 45]. The mass predictions of several mass models commonly
used in r-process calculations are compared in ଏgure 1 for the neodymium isotopic chain.
Note the overall predictions of the mass models roughly agree to ±0.5 MeV where data is
available and diverge at higher neutron numbers. The nuclear data important for dynamical
rare earth peak formation does not, however, depend on the absolute values of the masses but
mass differences, e.g. neutron separation energies and Q-values. Therefore, the general trends
in the mass surface are of greatest importance for the formation of the rare earth peak. These
predicted trends, compared in the bottom panel of ଏgure 1, show markedly different shapes
and behaviors. When applied to r-process simulations, different mass models produce rare
earth peaks with varying degrees of success [45], as shown in ଏgure 2. Some theoretical
nuclear mass models, such as the largely empirical Duଏo–Zuker (DZ) [51] model, show no
feature in this region, and thus r-process simulations run with these models do not exhibit
dynamical rare earth peak formation, e.g. Figure 1 from [32]. Others, such as the 1995 version
of the FRDM [46], ଏnd that the consequences of deformation are the prediction of a feature in
the mass surface of sufଏcient depth to prompt rare earth peak formation, for certain ranges of
5
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Figure 3. Theoretical astrophysical reaction rates along the Z=60 neodymium

isotopic chain for several statistical model codes [53, 57, 63] and the baseline values
used in this work evaluated at a temperature T 1.0 GK. Shaded band shows a factor
of three variation from the average of the three statistical model predictions.

astrophysical conditions. For a discussion on how current uncertainties in mass models
impact r-process abundances we point the reader to [22] and references therein.
If the rare earth peak forms via the dynamical mechanism, the structure in the mass
surface that is responsible for peak formation may be localized in Z and N or exhibit a more
global, smooth trend in the region. We would like to use an algorithm that allows for both
possibilities. One possible starting point is to begin with a baseline mass model, and then
produce small changes to each nuclear mass prediction in the rare earth region via Monte
Carlo sampling until the peak has been produced. The problem with such an approach is the
number of parameters quickly exceeds the number of observable rare earth abundances, as
one parameter is needed per nucleus. This leads to an overdetermined system, which in all
likelihood would converge to solutions that are not physically meaningful.
In our approach, we begin with the (DZ mass model [51], a model that exhibits no
regional trend in the rare earth mass surface, and hence no rare earth peak. To account for the
variety in possible mass surfaces (local or global) we modify the baseline DZ masses with an
extra term,

M (Z , N )

MDZ (Z , N )

aN e

(Z C ) 2 2f ,

(1)

where M (Z , N ) is the new mass prediction for the nucleus with Z protons and N neutrons,
MDZ (Z , N ) is the baseline DZ mass, and the second term on the right hand side contains the
mass modiଏcation parameters that will be run through the Monte Carlo procedure. Each
isotone in the region, N ranging from 95 to 115, is assigned a unique coefଏcient, aN . For a
given neutron number, aN controls the overall magnitude and sign of the mass change to the
DZ model. The parameter C controls the center of the strength of the mass changes in proton
number. If Z=C, the exponential term goes to unity and the mass changes from the aN are
maximal. We also incorporate a fall off parameter, f, which controls the rate at which the mass
6
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modiଏcations return return to zero, and the total mass prediction returns to the baseline DZ
predictions in proton number. The fall off parameter ensures that any feature found in the
mass surface responsible for peak formation disappears closer to stability, in accordance with
measurements. The absence of an imposed functional form for the behavior of the mass
surface as a function of neutron number, N, allows the algorithm to freely determine whether
a kink structure exists or not. In principle there is the danger of converging on unphysical
solutions with aN allowed to ଏow freely, however, given the astrophysical conditions studied
here, the solutions we ଏnd are always well behaved.
2.2. Neutron capture

The formation of the rare earth peak is also sensitive to the neutron capture rates in the region
[44]. Neutron capture rates, which depend on the mass surface, in our reaction network are
calculated using the Los Alamos statistical Hauser–Feshbach (HF) code, CoH (version 3.3.3)
[54–57]. The most important model ingredients to this code besides the mass surface are the
assumed level density (LD), the γ-strength function (γSF) and the particle optical model
potential (OMP), see [58] for a discussion of popular codes and error analysis.
No neutron capture data exists for the neutron-rich nuclei that participate in the r process,
thus the model ingredients all depend on theoretical calculations. CoH uses the Gilbert–
Cameron LD [59] which is a hybrid description that uses a constant temperature model at low
energies and matches to a Fermi gas model in the high energy regime that also includes shell
corrections by Ignatyuk et al [60]. The γ-ray transmission coefଏcients are constructed using
the generalized Lorentzian γSF [61] and the Koning–Delaroche global OMP is from [62].
Figure 3 shows the results of CoH calculations with DZ masses for the neodymium isotopic
chain compared to neutron capture rate compilations commonly used in r-process simulations: NONSMOKER rates [53] with FRDM masses and TALYS [63] rates with HFB
masses. While in some regions of the nuclear chart these rate compilations can disagree by
orders of magnitude, in the rare earth region they agree within about a factor of 3 with similar
model inputs.
The calculations of neutron capture rates are very time consuming, and so to good
approximation one can capture the dependency of the change in masses by calculating the
astrophysical reaction rate [33]

M n, H (Z , N )

exp [a (N , T )

b (N , T ) Sn

c (N , T ) Sn2] ,

( 2)

where a (N , T ), b (N , T ) and c (N , T ) are temperature-dependent parameters for a given
isotone, N, and Sn is the one neutron separation energy. The units of Mn, H are taken to be
cm3 mole−1 s−1. The rates are ଏt to the predictions of CoH using the baseline DZ masses on a
temperature grid which ଏxes a, b and c for a given temperature T. These temperaturedependent parameters do not change throughout any of the Monte Carlo calculations. The
average ratio between the output of CoH and our approximation is about a factor of 1.5 for the
Z=60 isotopic chain, compared to the factor of 3 that results from applying CoH with a
variety of mass models. Using this approximation we ଏnd around a factor of 2 (or less)
change in rate for %Sn 500 keV, which is in agreement with typical factors obtained when
performing the entire neutron capture rate calculation over again using CoH [27] or TALYS
[26]. The results of this approximation are compared to the various neutron capture rate
compilations in ଏgure 3 for the Z=60 isotopic chain. As seen from ଏgure 3 the formulation
is a reasonably good approximation to neutron capture rates and their dependence on nuclear
masses. We ଏnd a similar trend among odd-Z nuclei. Different models have different degrees
of odd–even staggering and typically smoother abundance patterns are produced when less
7
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Figure 4. Theoretical β-decay rates for the Z=60 neodymium isotopic chain from two
compilations (Moller et al [52] and Marketin et al [67]) along with recent predictions
from Shafer et al [65] and the baseline values predicted by this work.

odd–even staggering exists. Additional uncertainties in neutron capture rates that stem from
the γSF are discussed in section 3.4.
2.3. β-decay

The β-decay properties of interest for r-process nucleosynthesis and rare earth peak formation
are half-lives and delayed neutron emission probabilities [22, 33, 45, 64–66]. Both quantities
depend on a theoretical description of the β-strength function, Sβ, as well as the assumed mass
surface of neutron-rich nuclei [52]. Close to stability, the energy window for β-decay, Qβ, is
small, and the theoretical calculations are most sensitive to the details of the predicted nuclear
structure. Further from stability, model predictions of β-decay rates are more consistent, with
some variation coming from the assumed mass surface. In general, theoretical models of βdecay rates in the N 95 region important for rare earth peak formation vary by only a factor
of two or so, as shown for the neodymium isotopic chain in ଏgure 4. Recently, it was shown
that different Skyrme interactions in the ଏnite-amplitude method [65] agree quite closely with
the results of older quasi-particle random phase approximation (QRPA) calculations [52].
Variations of rates within the gray band of ଏgure 4 may impact rare earth peak formation as
shown in [65].
To study the variation in β-decay rates on the order of the size of the gray band in
ଏgure 4 we propagate the Monte Carlo mass surface changes from section 2.1 to the half-lives
by recalculating:

T1

1
2

œ

SC (Ei) F (Z , R , QC

Ei) ,

(3)

0 - Ei - QC

where Sβ is the β-strength function evaluated at excitation energy Ei in the daughter nucleus
and F is the Fermi function evaluated with proton number Z, nuclear radius R and energy
8
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Figure 5. (a) Average number of neutrons emitted after β-decay using the QRPA+HF

model assuming Duଏo–Zuker masses. (b) Difference in neutrons emitted after β-decay
using the QRPA+HF model for Duଏo–Zuker and FRDM1995, which shows the
impact of mass model assumptions on neutron emission after β-decay.

window QC Ei . The summation runs over all the Gamow–Teller strength from the QRPA
solutions of [68]. A change to nuclear masses can modify Sβ, F, and the limits of the
summation in equation (3). The majority of the mass dependence sits in the phase space piece
F, which goes as the ଏfth power of the energy for allowed decays. The computationallyexpensive nuclear matrix elements, in contrast, depend much less strongly on the masses. We
therefore explore the impact of the change in Qβ on β-decay properties, which impacts both
F and the summation limits, while leaving the β-strength function unchanged from [68]. This
approximation has been used previously in [26, 27]. We ଏnd differences in Qβ of 500 keV
yield roughly up to a factor of 2 or so change in the half-life.
9
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We also propagate the mass changes to the prediction of β-delayed neutron emission
probabilities, which we calculate by using the recently pioneered coupled QRPA+HF method
[69]. In this method, neutron-gamma competition is tracked through subsequent generations
during the statistical decay until all available excitation energy is spent. The probability to
emit j-neutrons is given as a recursive convolution of level populations,

Pjn (Egs)

k 1

k 1

i 0

ka 0

œ Pj (Ei) pj (Ei, Egs)

œ Pj

1(E k a) qj 1 (E k a,

Egs) ,

(4)

where Pj indicates the level population for the jth compound nucleus, pj gives the probability
to emit a γ-ray from an excited state to the ground state in the jth compound nucleus, qj 1
represents the probability to emit a neutron from the previous compound nucleus to the jth,
the summations run over all levels which may feed the compound state k in jth compound
nucleus, and the initial level population is given by the β-decay strength function,
P0 (Ek ) SC (Ek ). For consistency, the same strength data as in the half-life calculation is used
in the initial population of the compound daughter nucleus. Details of the QRPA+HF method
and further discussion of equation (4), including the deଏnition of the p and q functions, are
given in [69].
Both Qβ and the neutron separation energies, Sn, are input arguments for the p and q
functions, and a clear dependency of Pjn on these quantities is masked by the required
convolution in equation (4). Thus it is important to propagate the mass changes all the way
through in equation (4), as we do here. While, the intricate nature of the equation makes it
difଏcult to gauge how mass changes will impact Pjn values, we do note that using DZ masses,
a clear trend emerges with on average fewer neutrons emitted after β-decay than in the case of
another popular mass model, FRDM1995. This can be seen by comparing the average number
of neutrons emitted after β-decay, ܂n܂, in panel (a) of ଏgure 5 to the results displayed in ଏgure
6 of [69]. For convenience we provide this comparison in panel (b) of ଏgure 5.
2.4. Fission

Because we seek a solution for rare earth peak formation that depends on the dynamical
mechanism we employ a simple treatment of ଏssion. We assume the dominant ଏssion
mechanism is the spontaneous ଏssion of nuclei with A 250 , and we take the ଏssion
daughter product distributions to be a 57/43 split. This ensures that ଏssion fragments fall in
the A _ 130 peak region and do not directly inଏuence rare earth peak formation. In the
splitting schema we employ here, we multiply the ଏssioning nucleus A and Z by 57, rounding
to the nearest whole number to obtain the heavier fragment and subtract from the original A
and Z to obtain the lighter fragment. The remainder (if any) goes to emitted neutrons to
preserve the original mass number. Additionally, the daughter products are well away from
the path on the neutron-rich side and emit multiple neutrons on the way back to the path. In
our calculations, we ଏnd on average 6−9 neutrons are emitted per ଏssioning nucleus in this
manner. We also note that our framework can be expanded to models of ଏssion that include
the deposition of ଏssion daughter products in the rare earth peak region. Fission inputs for rprocess calculations remains an exciting and active area of research [70, 71].
2.5. Network calculations

The nuclear physics ingredients discussed above are coupled to astrophysical trajectories in a
nuclear reaction network code. For our calculations we use the fast r-process network which
is optimized to explore the freeze-out phase, most recently used in [22]. This network has
10
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Figure 6. Average number of neutrons from stability for hot—traj. 1 (red), cold—traj. 4

(blue) and very neutron-rich cold—traj. 8 (green) astrophysical conditions during the
freeze-out phase of the r process. Rare earth peak formation occurs when the nuclei
begin to decay back to stability in each case. A time of zero indicates when the
temperature has reached T 2.0 GK.

channels for neutron capture, photodissociation, β-decay, β-delayed neutron emission, and
ଏssion and has robust support for modiଏcation of nuclear physics inputs. We start all of our
nucleosynthesis calculations at T=2 GK with realistic distributions of seed nuclei from a full
charged-particle network [72]. The impact of charged-particle reactions during the formation
of the rare earth peak is minimal as nearly all of these reactions have frozen out by the time
the temperature reaches 2 GK, which is well before the formation of the rare earth peak in any
of the considered scenarios. Alpha decays can play an important role for neutron-rich nuclei
beyond the N=126 shell closure and are thus crucial for the calculation of cosmo chronometers in the r process. However, they have little to no impact on the neutron-rich rare earth
region so we do not include alpha decays in our network calculation. Further discussion of
this r-process network can be found in [34, 44, 45].
2.6. Astrophysical conditions

Since the astrophysical site of the r process is uncertain, we select astrophysical trajectories
that cover a broad spectrum of possibilities. To model a hot r-process which goes through an
extended duration (n , H ) R (H , n ) equilibrium phase we select trajectories from parameterized winds entropies 30, 200, and 110 in units of kB/baryon with timescales U 70 , 80,
and 160 in units of ms and electron fractions Ye 0.2 , 0.3, and 0.2, respectively [34]. We
label these trajectories as trajectories 1, 2, and 3, respectively. For moderately cold r-process
components with a short duration (n , H ) R (H , n ) equilibrium we choose a trajectory from a
detailed supernova model with reheating [73], a wind parameterized as in [74] with entropy of
75 in units of kB/baryon, U 75 ms and Ye 0.2 , and an extreme trajectory with very fast
evolution, parameterized as in [45]: entropy of 125 in units of kB/baryon, initial timescale of
U 80 ms, Ye 0.2 , and freeze-out power law of n=6. These are labeled trajectories 4, 5,
and 6, respectively. For very neutron-rich cold r-process components we use trajectories,
labeled 7, 8, and 9, from simulations of [75, 76]. A distinction between these three astrophysical evolutions is shown in ଏgure 6. The very neutron-rich cold trajectories have an r11
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Table 1. List of astrophysical trajectories used in this work. Values of quantities are

quoted at a temperature of 10 GK. The units of entropy, s, are kB/baryon, the units of
dynamical timescale, τ, are in milliseconds and Ye represents the electron fraction.
Traj.

Type

Description

1

Hot

2

Hot

3

Hot

4
5
6

Cold
Cold
Cold

7
8
9

Very n-rich cold
Very n-rich cold
Very n-rich cold

Low entropy (s=30) wind with U 70  and
Ye 0.20 [34]
High entropy (s=150) wind with U 20 and
Ye 0.30 [34]
High entropy (s=200) wind with U 80 and
Ye 0.30 [34]
Cold wind with reheating (s=70) with Ye 0.31 [73]
Cold wind (s=75) with U 75 and Ye 0.20 [74]
Cold wind (s=125) with U 80 , n 6.0 and
Ye 0.20 [45]
Merger outଏow (s=16) with Ye 0.019 [75]
Merger outଏow (s=10) with Ye 0.050 [76]
Merger outଏow (s=10) with Ye 0.016 [75]

process path which ventures closer towards the neutron dripline relative to the hot and cold
trajectories.
We summarize the choice of astrophysical trajectories in table 1. The high entropy
conditions are possible in neutrino-driven wind environments, however we employ lower
electron fractions than typically found in detailed supernova models [77] without exotic
physics [78]. The low entropy conditions may be possible in an accretion disk wind with the
expected values of Ye. The very neutron-rich cold conditions used are possible in the tidal tail
ejecta from neutron star-neutron star or neutron star-black hole mergers.
2.7. Algorithm

For each of our chosen astrophysical trajectories, we determine the mass surface that best
reproduces the solar rare earth peak using our reverse engineering framework, based on the
Metropolis algorithm [40]. Using Bayesian inference we can combine our prior distribution
and our likelihood function to determine an updated posterior distribution. This approach is
commonly used across the ଏelds of physics and astronomy [41, 42]. In our case, we combine
a Gaussian prior distribution in each of the nuclear masses to determine a new mass surface
based off the evidence that we must reproduce the solar rare earth peak in addition to
matching the the measured masses of the 2012 Atomic Mass Evaluation. We now outline how
to use this technique in the context of our reverse engineering framework.
Our Monte Carlo parameters are deଏned by those appearing in the second term of
equation (1): the aNʼs, C, and sometimes f (if it is not held ଏxed). Each of these parameters is
varied independently using Gaussian distributions with width 25 keV for the aNʼs, 0.1 for C,
and 0.5 for f. We start each Monte Carlo run by setting these parameters to zero, so that we
begin with the baseline DZ prediction (no rare earth peak).
At the beginning of each Monte Carlo step we vary all the masses that enter into the
reaction network by computing new parameter values and applying equation (1). For the DZ
mass model this consists of roughly 500 nuclei that are in the range A _ 150 to A _ 180.
Next, we propagate the changes produced by the small variations in the Monte Carlo parameters to the remainder of the r-process nuclear physics inputs as deଏned in sections 2.1–2.3.
12
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The r-process network is then run with the nuclear physics ingredients from this particular set
of Monte Carlo parameters.
The likelihood function for a given Monte Carlo step, m, is deଏned by

$ (m )

exp [ Dr2 (m) 2

D 2m (m) 2] ,

( 5)

Dr2

where
represents the chi-squared function for matching the network abundance output to
the solar isotopic pattern and D 2m is the chi-squared function for matching the theoretical
masses to the measured masses in the 2012 compilation [50].
More speciଏcally, the chi-squared function for the r process for a given Monte Carlo
step, m, is deଏned as

Dr2 (m)

1
%Y 2

A 180

œ

Y (A))]2 ,

[Y:, r (A)

(6)

A 150

where %Y is the average observational uncertainty of the abundances in the rare earth region,
Y:, r (A) is the isotopic solar r-process residual, Y (A) is the isotopic sum of the output of our
network calculation and the summation runs over A, the atomic mass number. The summation
is limited in extent because we are only focused on the production of a local abundance
feature, the rare earth peak. The lower limit in the solar isotopic residuals may not be deଏned,
so for each A we take an approximate value of the observational uncertainty in the
abundances of the rare earth region as %Y 0.1 dex.
We deଏne a similar chi-squared function for the masses for a given Monte Carlo step, m,

D 2m (m)

1
%M 2

œ [MAME (Z , N )

M (Z , N )]2 ,

(7)

Z,N

where %M 405 keV is taken to be the average root-mean-square value for DZ compared to
the 2012 Atomic Mass Evaluation (AME2012), MAME (Z , N ) is the measured mass and
M (Z , N ) is deଏned in equation (1) and the summation runs over all the nuclei with measured
values in the AME2012.
To gauge the success or failure of a Monte Carlo step we compute the acceptance ratio,

B (m )

$ (m )
,
$ ( m 1)

( 8)

where $(m ) is the likelihood function for the given step and $ (m 1) is the likelihood
function for the previous step. The baseline calculation using only DZ masses with all other
parameters set to zero deଏnes the likelihood function of the ଏrst step, $(0). If B (m ) . 1, the
candidate step, m, is more likely than the previous, so we accept the step and update the
parameters to the new values. If B (m ) 1, the candidate step is taken with probability B (m ),
otherwise the step is rejected and the parameters are reset to those deଏned by the last
successful step.
Because the predictions of measured masses remain relatively unchanged (D 2m _ 1.01–
1.03) due to our functional form from equation (1), we typically drop the second term of
equation (5). In this case, the evolution of the Markov chain is only driven by the match of the
network calculation to the solar abundances.
2.8. Convergence and error bars

The Monte Carlo procedure outlined in the previous subsection is repeated many times until
the algorithm converges. At the end of each step in the Metropolis algorithm, the likelihood
function is calculated to determined whether or not a step is successful. The running average
13

J. Phys. G: Nucl. Part. Phys. 44 (2017) 034003

M R Mumpower et al

Figure 7. The evolution of the r-process chi-squared evaluated at successful Monte
Carlo steps. The red curve indicates a run with the Monte Carlo parameters set to zero
and the blue curve starts with Monte Carlo parameters varied randomly. Despite the
difference in starting points, both runs eventually converge to the same solution after
roughly 10 000 steps.

Figure 8. The progression of the r-process chi-squared as a function of the a101 Monte

Carlo parameter in the case of a very neutron-rich cold r-process, traj. 8. The starting
point (black triangle) is a101 0 . Success steps are shown by ଏlled green circles with
failures denoted by red Xʼs. Steps taken as successful with probability α from
equation (8) are shown with yellow circles. A clear trend in this variable is observed
0.63 o 0.1 MeV denoted by the black circle and
with ଏnal prediction a101
error bars.

of a parameter is then computed by averaging a list of current and past values. If the step is
successful the current value of the parameter is appended to this list. Otherwise, the step is not
successful and the value of the parameter from the most recent past successful step is used,
which may fall back to the value of the parameter from the original step.
14
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Figure 9. Final abundance predictions in the rare earth region on a linear scale for

individual trajectories: hot—traj. 1 (top panel), cold—traj. 4 (middle panel) and very
neutron-rich cold—traj. 8 (bottom panel) Metropolis runs. The application of the
reverse engineering framework starts with the baseline (dashed curves) and produces
the shaded region in each case.

We take the criterion for convergence to be that the running average of all of the
parameters are within their respective standard deviations. This deଏnition of convergence
provides a necessary condition for reaching maximum likelihood since the running average of
each parameter encodes the entire evolution of the Markov chain. When the algorithm is near
maximum likelihood, the corresponding values of the parameters are averaged over with high
occurrence, thus making them more important than the starting parameters. Parameters that
have a large inଏuence on the results will converge to some value but will have a very small
variance, while those parameters with little impact will show a larger variation with mean of
the original parameter value.
An example of the evolution of the r-process chi-squared, Dr2 (m ), for successful steps is
shown in ଏgure 7. It takes approximately 10 000 steps for the algorithm to ଏnd the solution
starting with Monte Carlo parameters set to zero (red curve) or starting from a random set of
values for Monte Carlo parameters (blue curve). Both of these curves converge to the same
set of Monte Carlo parameters, which shows that our solutions are independent of starting
position.
An example of the Markov chain evolution for a parameter in a very neutron-rich cold rprocess is shown in ଏgure 8. The black triangle represents the starting value of zero, while
successful steps are shown by green dots. A yellow dot represents a step counted successful
15
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Figure 10. Dark shading shows ଏnal abundance predictions for the full range of the
main r process on a log scale for trajectories combined by similar late-time evolutions:
hot traj. 1–3 (top panel), cold traj. 4–6 (middle panel), and very neutron-rich cold traj.
7–9 (bottom panel). Light shading shows the range of the ଏnal abundances for the same
combination of the baseline trajectories before the application of our framework.

with probability α from equation (8) and failure steps are denoted with a red X. This Markov
chain produces a ଏnal prediction of a101
0.63 o 0.1 MeV denoted by black dot and error
band. A small ଏnal error bar is seen in this Monte Carlo parameter which means it has a
strong inଏuence on the solution, as will be discussed in the results section.

3. Results
With the procedure outlined in section 2, we have deଏned a way of providing feedback to the
nuclear physics by constraining our nuclear parameter space to be that which best matches the
observed solar isotopic rare earth abundances. We are now ready to apply this framework to a
number of astrophysical trajectories to reverse engineer the relevant nuclear properties
important for the formation of the rare earth peak in each case.
3.1. Persistent rare earth feature

The trend in the mass surface that is responsible for the formation of the rare earth peak may
be persistent, which means it spans a large range in proton number, or it may be more
16
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Figure 11. Predicted trends in the masses of Z=60 neodymium isotopes for individual

trajectories: hot—traj. 1 (top panel), cold—traj. 4 (middle panel) and very neutron-rich
cold—traj. 8 (bottom panel) r-process conditions assuming a persistent feature
( f=40) in proton number after application of our reverse engineering framework. The
2012 AME masses are shown in black and shifted to match the mass surface prediction
in gray.

localized in Z. We ଏrst discuss results assuming a persistent feature with f=40 held ଏxed
and the aNs and C allowed to vary.
The resultant ଏnal abundances with associated error bands are shown in ଏgure 9 for
individual astrophysical trajectories. The error bands represent the standard deviation of
17
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previous steps as described in section 2.8. The simulations begin with unmodiଏed DZ masses,
which produce the abundance patterns given by the dotted curves. The application of our
framework produces ଏnal abundance bands that are within the solar isotopic uncertainties for
each A in the rare earth region. This shows the success of our algorithm and further indicates
that our assumed abundance uncertainty of 0.1 dex for each isotopic abundance point is a very
good approximation to the real uncertainties in the rare earth region.
The top panel of ଏgure 9 shows a low entropy hot evolution (traj. 1), the middle panel
shows a cold evolution (traj. 4) and the bottom panel shows a very neutron-rich cold evolution (traj. 8). The abundance patterns (including the baselines) are scaled to the
A _ 150 180 region for each set of conditions using the ଏnal simulation data from the
Metropolis run. We ଏnd that in all cases the application of our framework successfully ଏlls in
the missing rare earth peak, and in the cold and very neutron-rich cold r-process conditions it
also repairs the underproduction of material to the right of the peak.
Full abundance patterns for the main r process component are shown in ଏgure 10. The
top panel shows hot evolutions (traj. 1–3), the middle panel cold evolutions (traj. 4–6) and the
bottom panel very neutron-rich cold evolutions (traj. 7–9). We ଏnd that the rare earth peak is
well reproduced in all scenarios after application of our framework, indicated by the dark
shading. The light shaded bands represent the range of the baseline ଏnal abundance patterns
before the application of due to the variation in the similar astrophysical trajectories. We also
note that rare earth masses have only a modest impact on the global pattern. This reinforces
the conclusions of previous sensitivity studies, see e.g. [22].
We now seek to understand the trend in the mass surface responsible for the rare earth
peak production. The predicted trends in the masses after application of our framework are
shown in ଏgure 11 for the same individual trajectories as in ଏgure 9. Each mass surface shows
a relative dip in the curve around N _ 100 . The dip represents a region that has locally
enhanced stability, allowing material to be hung up when the r-process path passes through it.
This is the feature which is responsible for the formation of the rare earth peak in the
associated panels of ଏgure 9.
We stress that it is the relative, overall trends in the masses that are important for rare
earth peak formation, and not the absolute values of the masses. Thus in ଏgure 11 we compare
our resulting mass predictions to the AME2012 measurements in two ways: the black points
show the raw values while the gray points are shifted to match the predicted curves from our
algorithm. It is clear from the comparisons between our predictions and the shifted mass data
that at this time one cannot rule out any of the possible mass surfaces without more measurements to constrain the trend in the region.
All trajectories require a dip to produce the rare earth peak, however, the trends of the
mass surfaces are distinct in both the depth of the dip and its location depending on the
astrophysical conditions. With the hot evolution, the dip is relatively shallow spanning no
more than 0.8 MeV from highest to lowest point. In the very neutron-rich cold evolution, the
dip is stronger, spanning over 1 MeV between highest and lowest points.
The position of the local minimums relative to the DZ masses also differs as shown in
ଏgure 11. For the hot evolution (top panel) the minimum is at N=102. For both cold (middle
panel) and very neutron-rich cold (bottom panel), the minimum is shifted to lower N, consistent with an initial formation of the peak at lower mass number, A. Cold evolutions tend to
have a greater availability of neutrons at late times than hot scenarios, from ଏssion and/or
from the extra β-delayed neutron emission that comes from a path very far from stability.
Thus we ଏnd the most favored solutions tend to initially populate a rare earth peak at lower A,
and late-time neutron captures shift the peak to the correct placement. The position of the
minimum may be around N=99, or N=101 in these two colder scenarios. The inclination
18
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Figure 12. Combined mass surfaces for hot (top panel), cold (middle panel), and very

neutron-rich cold (bottom panel) r-process conditions for the neodymium (Z=60)
isotopic chain assuming a persistent feature ( f=40) in proton number. The error band
in these calculations represents a spreading of the parameter space which produces the
rare earth peak due to the differences in evolution of similar astrophysical conditions.

to favor even-N in hot scenarios and odd-N in cold scenarios is connected to the rare earth
peak formation mechanism. When (n , H ) R (H , n ) equilibrium persists for long times, such
as in the hot conditions, a buildup of material occurs in even-N nuclei [33]. For colder
scenarios, the path is entirely out of equilibrium and neutron capture rates are more important,
thus favoring a dip at odd-N nuclei [34, 44].
19

J. Phys. G: Nucl. Part. Phys. 44 (2017) 034003

M R Mumpower et al

Figure 13. Combined mass surfaces for hot (top panel), cold (middle panel), and very

neutron-rich cold (bottom panel) for the neodymium (Z=60) isotopic chain assuming
a localized feature ( f=10) in atomic number. The error bands again represent a
spreading of the parameter space that produces the rare earth peak due to the
differences in evolution of similar astrophysical conditions.

A second strong feature is noted near N=110 in cold and very neutron-rich cold
scenarios. We ଏnd this feature reduces the deଏciencies seen to the right of the rare earth peak
that exists in the baseline model, as observed in the bottom two panels of ଏgure 9.
The position in the Z of maximal change in the masses from DZ is represented by the
Monte Carlo parameter C in our parameterization. Assuming a persistent feature, each
20
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trajectory studied shows C converge to Z=60, or the neodymium isotopic chain. In our
calculations, the ଏnal uncertainty for this parameter ranges from 0.1 to 0.6 in units of Z
depending on the astrophysical conditions considered.
Figures 9 and 11 illustrate the success and power of our method. It would be of limited
use, however, if we found distinct and dissimilar solutions for each individual astrophysical
trajectory attempted. We ଏnd instead the exact opposite—similar mass surface trends are
predicted for astrophysical trajectories within each late-time evolution characterization: hot
(traj. 1–3), cold (traj. 4–6), and very neutron-rich cold (traj. 7–9).
Figure 12 shows the combined results of our Metropolis runs with hot trajectories 1–3,
cold trajectories 4–6, and very neutron-rich cold trajectories 7–9. Again the predicted trends
in the mass surfaces are shown along the Z=60 (neodymium) isotopic chain. The error
bands for the mass surface now represent a spreading of the parameter space from the
combination of the three best ଏt solutions of similar late-time evolutions. Despite the
spreading of the error bands, each group of similar astrophysical conditions retains the overall
trends found in the previous individual runs of ଏgure 11. Variation in similar conditions does
however blur the exact location of the local minimums. For hot conditions the minimum may
be around N=100, 102, and 104 while the position of the minimum may be around N=97,
99 and 101 in the colder scenarios. The observation that the overall trends remain the same,
and that there are only shifts in the local minimums to even-N or odd-N nuclei, implies that
the mechanisms for peak formation are the same for similar astrophysical conditions. This
suggests that future measurements in this region have the potential to uncover trends in the
mass surface that might point to characteristics of the r-process site.
3.2. Localized rare earth feature

There is also the possibility that the feature responsible for rare earth peak formation is more
localized in proton number. We explore this by setting the falloff parameter to a ଏxed value of
f=10 and allowing the aNs and center of the strength in proton number, C, to vary.
The combined results for the more tightly localized mass surfaces predicted for each type
of astrophysical conditions are shown in ଏgure 13. For the colder scenarios, the trends are
similar those in ଏgure 12, and the C parameter converges to the same value of Z _ 60 . The
combination of the hot conditions, however, show less of a discernible trend. It is not that the
rare earth peak is no longer formed, or that the algorithm does not converge. Rather, we ଏnd a
large variation in the predicted mass surface trends and different values for C among the three
hot evolutions; when the three are combined the individual details of each are washed out and
large error bars remain.
These results can be understood from the different freeze-out behaviors of the trajectories. The spread of a broad, persistent mass feature can accommodate a range of path freezeout positions, but a more localized feature must be tuned carefully to each individual scenario.
In particular, the r-process paths at freeze-out for the hot trajectories are close to stability, with
the exact locations depending sensitively on the temperature and density at neutron
exhaustion. As a result, our algorithm ଏnds three distinct solutions for the three hot trajectories considered here. The discussion of the connection between the predicted mass surface
features and freeze-out dynamics continues in the next section.
3.3. Freeze-out dynamics and depth of rare earth dip

As we have seen, the mechanism for rare earth peak formation couples the trends in the
masses with the astrophysical conditions. We now discuss this in a more quantitative fashion
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Table 2. Information on rare earth peak formation for each trajectory studied in this
work, from the reverse-engineering runs that assume a persistent ( f=40) feature as
described in section 3.1. Deଏnitions of each column are found in the text.

Traj.

Type

1
2
3
4
5
6
7
8
9

Hot
Hot
Hot
Cold
Cold
Cold
Very n-rich cold
Very n-rich cold
Very n-rich cold

%ALT

%APF

̀t

%APF /%t

Dip depth (MeV)

0.4
0.5
0.6
1.9
1.7
2.0
1.9
2.2
2.1

3.8
3.1
2.7
0.9
1.4
0.9
1.3
1.4
1.7

0.23
0.18
0.15
0.04
0.06
0.04
0.05
0.05
0.06

16.5
17.3
18.0
22.5
23.3
23.1
26.0
28.0
28.3

0.68
0.72
0.74
1.13
0.98
1.03
1.16
1.32
1.34

by linking the depth of the predicted feature in the mass surface to the late-time r-process
dynamics.
We deଏne the abundance-weighted shift in atomic mass number during rare earth peak
formation due to neutron captures and photodissociations as

%APF

UC
t U _1
nH

( )
¨t (R_1) MnH

(9)

M H n dt ,

where MnH and M Hn are the abundance-weighted average neutron capture and photodissociation
rates, respectively, in units of s−1, and the integration is performed from the time at which the
neutron-to-seed ratio, R, is unity until the abundance-weighted timescales for neutron capture
and β-decay are roughly equal. A deଏnition of abundance-weighted timescales and their
inverses, the λʼs, can be found in [45]. We deଏne the late-time shift in atomic mass number
due to neutron captures as

%ALT

t (end)

¨t ( UU _1) MnH dt,

(10)

C

nH

where the range of time is between when the abundance-weighted timescales for neutron
capture and β-decay are equal and the end of the simulation. The second term in the integrand

_ 1). The
(
net neutron capture rate during rare earth peak formation can be approximated by taking the

of equation (9) does not appear in equation (10) since it is negligible for t

t

UC
UnH

ratio of %APF to the difference in time, %t , associated with the integration range.
In table 2 we compare the freeze-out quantities deଏned above to the reverse-engineering
results from section 3.1. In that section we found that the results for hot trajectories have a dip
in the mass surface centered at higher neutron number than the results for the colder trajectories do. The late-time shift in atomic mass due to neutron captures, %ALT , shows a clear
difference between the warmer and colder evolutions. The distinct rare earth peak formation
mechanisms identiଏed for the hot and cold trajectories by our reverse-engineering studies are
attributed to this difference. In hot evolutions there is little late-time bulk transfer of material
in A, thus the peak forms in the right spot. In contrast, the greater availability of neutrons late
in freeze-out in the colder evolutions favors the peak to form off-center, to the left in atomic
mass, with the ଏnal placement achieved by late-time neutron captures.
We ଏnd that a faster movement of material through the rare earth region during peak
formation requires a larger dip in the mass surface, as seen comparing the last two columns of
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Figure 14. The predicted trends in the mass surface remain relatively unchanged from

the use of CoH neutron capture rates (top panel) assuming different neutron capture
rates (Nonsmoker—bottom) in a hot, low entropy r process (traj. 1).

table 2. This near linear relationship suggests that future mass measurements which ଏnd a
trend may be able to shed light on how quickly the r-process path moves through the region
of the NZ-plane where the peak is formed.

3.4. Systematic uncertainties

Calculations of the r process have many theoretical uncertainties which may impact the
application of the reverse engineering framework. We now cover several possibilities and
discuss the impact on our conclusions.
Model predictions of neutron capture rates generally range between a factor of 3 in the
rare earth region using similar model inputs of LD, γSF and OMP, as shown in ଏgure 3. To
test whether this variation in rates has an impact on our results, we implement the results of a
second statistical model code, NONSMOKER [53]. The available compilation of NONSMOKER rates was calculated using FRDM1995 masses. Thus, we ଏrst perform the same
ଏtting procedure as in section 2.2 to generate a set of temperature-dependent parameters
a (N , T ), b (N , T ), c (N , T ) from the compiled NONSMOKER rates and the FRDM1995
masses. The reverse engineering framework is then used to ଏnd the mass surface responsible
for rare earth peak formation, using the NONSMOKER capture rate parameters a (N , T ),
b (N , T ), and c (N , T ).
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Figure 15. One neutron separation energies from DZ (Left panel) and ଏnal rare earth

peak (right panel) shown in black. The same data is again shown in red when using the
algorithm to attempt to reproduce the observed abundances. In this case, the parameter
set does not simultaneously match the known masses and can be ruled out.

We compare the mass surface with NONSMOKER rates (bottom panel) to the results of
the baseline CoH rates (top panel) in ଏgure 14 for the case of the hot, low entropy r process.
We ଏnd that both the minimum position of the dip and the overall trend in neutron number of
the mass surface remains relatively unchanged with the change of neutron capture rate
datasets. This suggests that our conclusions are fairly robust in terms of reasonable variations
in neutron capture rates.
It may be argued that still larger systematic uncertainties plague predictions of neutron
capture rates in the rare earth region from missing physics in the model inputs. For example,
an enhancement of the γSF with missing M1 strength from low energy magnetic radiation or
‘LEMAR’ was suggested recently by [79, 80]. Preliminary calculations suggested that
including the low-lying M1 strength could result in rates larger by a factor of 5–10, which
could impact the rare earth region [81], while more recent calculations [82] found a smaller
inଏuence on the rates and a minimal impact on the ଏnal r-process abundances [82] also found
that switching between the Koning OMP and the deformed Kunieda OMP made very little
difference (on the order of a factor of 2 or less) in the predictions of neutron capture rates in
the rare earth region. The impact of LD calculations on rare earth abundances has yet to be
studied and will be the subject of future work.
Modern predictions of rare earth β-decay rates are in fairly good agreement, showing
roughly a factor of 2 deviation between model calculations at high QC [52, 65, 67]. We
explored the impact of this factor of two rate deviation on our reverse-engineering studies in
[83]. We reran a selected set of the studies from section 3.1 with rare earth β-decay rates
everywhere either increased or decreased by a factor of two. We found that the height of the
rare earth peak and the extent of the feature in the mass surface were both changed. If C was
held constant and the β-decay rates were increased, the dip in the rare earth mass surface
would become larger to compensate for the change. For a slowdown in β-decay rates, the dip
in the rare earth mass surface became more shallow. In either case of speeding up or slowing
down rare earth β-decay rates, the mechanism for peak production remained the same in both
hot and cold environments.
Another possible starting point for our reverse engineering framework is to use the
parameters of the DZ mass model as our Monte Carlo parameters. Using feedback only from
the rare earth abundances, e.g., only equation (6) is used in the calculation of the likelihood
function, we ଏnd the mass surface (red lines) shown in the left panel of ଏgure 15. In this case
the Monte Carlo parameters successfully produce the rare earth peak (red curve in the right
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panel), however, it does so at the expense of the match to measured masses. If we constrain
both the measured masses and the rare earth abundances by including both equations (6) and
(7) in the likelihood function, we can ଏnd no combination of parameters that produces the rare
earth peak. This result shows that additional parameters are needed to explain the formation of
the rare earth peak using this mass model.

4. Summary
While there are large uncertainties in the inputs to r-process nucleosynthesis, the output—the
pattern of solar r-process residuals—is relatively well known. This opens up the r process to
treatment as an inverse problem. Here we have developed a Monte Carlo framework to
reverse engineer unknown nuclear properties using a quantitative match to the solar isotopic
pattern, starting from a range of different astrophysical conditions. Ultimately, we aim to
correlate engineered nuclear structure features to characteristics of possible r-process environments, such that future experiments can search for these features and thus help to constrain
the r-process site.
In this work, we have applied our reverse-engineering framework to the neutron-rich rare
earth region in an attempt to understand the mass trends responsible for the formation of the
rare earth peak. Our procedure starts with DZ masses, which are featureless in the rare earth
region and produce ଏat abundance predictions, and ଏnds solutions with mass modiଏcations to
DZ that reproduce the rare earth peak to within the solar isotopic pattern uncertainties. We
look for two types of solutions: those that result in a persistent feature in the mass surface that
spans a large range in proton number Z, and those which produce a feature more localized in
Z. In both cases, the trends found in the mass surface responsible for rare earth peak production depend on the adopted astrophysical conditions.
When a persistent feature is assumed, we ଏnd traditional, hot r-process trajectories that
go through a long duration (n , H ) R (H , n ) equilibrium require trends in masses near Z=60
neodymium isotopes that have local minimums at even-N nuclei near N _ 100 and span a
change of no more than 0.8 MeV. Colder r-process trajectories that have a short duration
(n , H ) R (H , n ) equilibrium are found to require trends in the mass surface that have local
minimums at odd-N and span a change of over 1 MeV. We ଏnd that the depth of the feature in
the masses near N _ 100 is directly related to how far the r-process path proceeds towards
the neutron dripline and how fast it moves back to stability. In all cases, the trends in the
predicted masses are extended in neutron number and are not the abrupt changes that might be
expected, e.g., from a subshell closure. Nuclear deformation is a possible source of these
smooth trends. When we look for a localized feature, we ଏnd solutions that depend more
sensitively on the details of the astrophysical conditions. This is most pronounced in the case
of hot trajectories where we ଏnd a larger deviation between the resultant mass surfaces.
Our results suggest that a wealth of information can be obtained from new measurements
in the rare earth region. If a sizable region of enhanced stability is found, its characteristics
could point to the nature of the r-process site: hot, cold, or very neutron-rich cold. More
detailed information about freeze-out conditions could potentially be extracted from the
location and depth of a small, localized region of enhanced stability. The absence of any
signiଏcant feature would disfavor the dynamical method of rare earth peak formation. This
would point instead to a rare earth peak composed of ଏssion fragments, which would argue
for neutron star mergers as the main r-process astrophysical site. It would also be possible to
use this method to consider partial ଏssion/partial dynamical solutions for any given prediction of ଏssion rates and daughter distributions.
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The past few years has seen a dramatic increase in the quantity and quality of experimental data for neutron-rich nuclei important for the r process, e.g., [28, 64, 66, 84–102].
Future measurement campaigns at current and planned experimental facilities such as the
FRIB, will offer an unprecedented access to the production of short-lived isotopes [103]. Our
study has pinpointed nuclei in the rare earth region which have a substantial impact on the
formation of the rare earth peak. A combined theoretical and experimental effort will help to
distinguish between astrophysical conditions, thus providing an avenue for moving forward
with the solution of the site(s) of the r process.
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